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Chaos in a Thermally Stressed Space Arc

Lazarus Teneketzis Tenek*
Aristotle University of Thessaloniki, GR-541 24 Thessaloniki, Greece

A three-dimensional isotropic space arc that is subjected to an oscillating temperature is considered. The latter
is equal to its critical temperature with a slight sinusoidal variation. A dynamic nonlinear finite element problem
is formulated and solved by means of an unconditionally stable time-dependent scheme. Highly irregular time-
displacement curves are obtained for a midarc point. The horizontal displacement of the midarc point from the
onset of the vibration is highly oscillatory. In addition, the trajectory of the midpointin space is chaotic. Two- and
three-dimensional attractors are given. To prove the chaotic nature of the motion, the fast Fourier transform and
the Lyapunov exponent of the vertical movement of the center point are provided. Both prove the chaotic nature
of the arc vibration. Computer plots of the arc deformation at two time instances show the structural deformation

and the possible catastrophic collapse.

Nomenclature
ay = transformation matrix between elemental natural
and global Cartesian coordinates
ay = connection matrix between elemental
natural and local Cartesian coordinates
C = global damping matrix
Fy = natural elemental force vector due to
axial straining mode
J = Iinitial load vector due to temperature
Jy = natural thermal elemental load vector
Jno, Int = thermal elemental load vector due to uniform

temperature distribution and due to linear
through-the-thickress temperature distribution

K, K, Kg = global tangent, elastic, and geometric stiffness
matrices

M = global mass matrix

M), M: = antisymmetrical elemental natural bending
moment in the x'z" and x’y’ planes

M, M} = symmetrical elemental natural bending
moment in the x'z" and x’y’ planes

My = elemental natural torsional moment
in the y’z’ plane

Py = natural force elemental vector
due to straining modes

Py = elemental vector due to natural rigid body modes

Py, Py, Py = translationalrigid-body force along the x’, y’,
and z’ local elemental axes

Pos, Pps, Pos = rotational rigid-body moment with respect
to the x’, ¥', and z’ local elemental axes

Ps,Pvp = vectors of surface tractions and of distributed
damping forces

R = external force vector

Rp = damping vector

R:. R, = vectors of elastic forces and inertial forces

T = displacement vector at iteration k

T = velocity vector at iteration k

Tt = acceleration vector at iteration k

i = firstderivative of acceleration vector at iteration k
Ty = half the sum of the top and bottom beam

temperatures
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T = difference of the top and bottom beam
temperatures divided by thickness
u, v, w = displacements along the global x axis, global

y axis, and global z axis

velocity along the global z axis

acceleration along the global z axis

strain vector

time step

convergence tolerance

density

vector containing the natural modes

Pos Py = vectors containing the local elemental Cartesian
degrees of freedom, the natural rigid body
modes, and the natural straining modes

Pot1,Po2, P03 = translationalrigid-body mode along local

elemental axis x’, axis y’, and axis z’
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Po4»Pos, Pos = rotational rigid-body mode with respect to the
local elemental axis x’, axis y’, and axis z’
PN1 = natural extensional straining mode
PN2 = natural symmetrical bending mode
in the local x'z’ coordinate
PN3 = natural antisymmetrical bending mode
in the local x’z’ coordinate
PN4 = natural symmetrical bending mode
in the local x’y’ coordinate
PNs = natural antisymmetrical bending mode
in the local x'z’ coordinate
PN6 = natural torsional straining mode
o = stress vector

I. Introduction

ODERN engineering structures often operate at oscillating

temperatures. Dynamic temperatures are not easily repro-
duced in the laboratory. Therefore, computer simulations must be
conducted to obtain the dynamic response of such systems under
the action of periodic heat loads.

It has been shown! that when isotropic and composite plates and
shells are stressed thermally they exhibit irregular and chaotic be-
havior. The results were further analyzed® where the chaotic nature
of the oscillations were mathematically proven and the existence of
chaos formally established. Nonlinear free vibrations of composite
plates also exhibit chaotic characteristics® In particular, in-plane
oscillations of small magnitude obey chaotic trends. Most studies,
however, are concerned with systems comprising few degrees of
freedom, the solution of which is based on differential equations.
Therefore, there is a need for numerical studies on structures with
many degrees of freedom. Also, there are no computational simu-
lations that account for temperature effects.

The present study considers an isotropic semicircular arc un-
der oscillating temperature. The time-dependentproblem is solved,
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and the dynamic response is obtained. Two- and three-dimensional
attractors are illustrated. The chaotic nature of the motion is proved
mathematically. Computer plots indicate the structural deformation
at two time instances.

II. Physical and Mathematical Model

The equilibrium state of a discretized system of forces in an iner-
tial system is prescribed by the fundamental equation of dynamics*

R, +Rp+Rr=R+J (D

The principle of virtual work in dynamics is*

/ pii'Su dV—}—/ U’S’de—}—/p’VDSu dv = /p’séu dS+R'sr
v v v v

@
In this work, we assume that all quantities are independent of tem-
perature. By means of the finite element method, Eq. (2) is applied
to every finite element in a structural system. By the invokation of
standard finite element procedures, Eq. (2) in a global coordinate
system yields the matrix equation'*

Mi+Cr+Kr=R+J (3)
The stiffness matrix K is the sum of the two matrices, namely,
K=K+ Kg 4)

In concertwith the natural-modefinite element method,’ the beam
finite element is assigned a set of rigid-body and straining modes.
The beam finite element in space has 12 degrees of freedom (6 per
node), and it can move as a rigid body in 6 possible modes, the
rigid-body modes p,. In addition, if we subtract the 6 rigid-body
modes from the 12 Cartesian degrees of freedom, we are left with 6
degrees of freedom, the natural straining modes p, (Refs. 5 and 6).
Formally, the natural mode vector comprises the entries

p=1{o0 pn} (%)

The rigid-body modes include three translations and three rotations
in space that are grouped in the vector®

po=1{po1 P02 P03 Pos Pos Pos} (6)

The rigid-body modes correspond to rigid-body force and moment
components of the vector

P(J ={P(Jl P(JZ P03 P(J4 P(JS P(J(J} (7)

The six straining modes include the extension, two symmetrical and
two antisymmetricalbending modes, and a torsionalmode. They are
grouped in the vector’®

po=1{px1 pwv2 Pn3 PNa  PN5  Pne} 3)
and the natural forces are grouped in the vector
py={Fy, M. M, M2 M2 M.} )

The connection between the natural straining modes and the local
nodal degrees of freedom is given by the relation

py =dnp (10)

The connectionmatrix ay containsonly zeros, ones, and geometrical
parameters. All elemental matrices are given in Refs. 5 and 6.

In the presence of temperature, we shall assume a linear temper-
ature distribution through the thickness, namely,

T(s,z") =Ty(s) + 2T, (s) (11)

This temperature field produces a constant temperature gradient.
The parameters T, and 7 are related to the temperatures at the top
and bottom of a beam. The natural thermal load vector is written as
the sum of two vectors, namely,>-6

v =JIno +JI N (12)

The natural load due to temperature is transformed to the global
Cartesian coordinate via

J=ayJy (13)
Global dynamic equilibriumis now established.

III. Computational Model
The beam finite element BEC is used to discretize the arc
structure>* We now briefly describe the strategy to solve the non-
linear thermal dynamic problem. First, at time #,, the user defines
the initial displacement and velocities ry and dr/dt. The problem
proceeds by computing the initial accelerations, as well as the ac-
celeration derivatives, namely,>*

ro, = M7'[R(0) +J(0) — Cry, — R.(ro)] (14)

To. = MR, (0) +J., (0) = Cro,, — K(ro)ro, ] (15)

Initialization of the initial accelerations, as well as the acceleration
derivatives, follows, that is,

T =Tk—1,1 + Al‘rk—l.m‘ (16)
Tk = Tk—1u (17

This information is passed to the predictor phase of the algorithm
for predicting displacements and velocities, via®*

re =reo1+ Atre_y, + (A2/60)(21r 1, +3Atr 1,

+9ry, — 2Atr,,) (18)

Iy, =re-1, + (At/lz)(6rk—l.n + Atre g, 00, — At"k.m)
(19)

The predictorphase proceeds with an inner loop over finite elements
to compute and assemble all elemental matrices. There follow a se-
ries of computations of quantities: natural displacement increment
pna, natural forces Py, external forces R, elastic stiffness kg, ge-
ometric stiffness kg, tangent stiffness K, mass matrix M, damping
matrix C, and thermal load vector J.

The next phase includes the corrector phase, which corrects the
acceleration and the acceleration derivatives via

=M [R+J—Cri, —R.(r)] (20)
Ton = M [Rk.t + Jei — Cry,, — K(Vk)rk_,] 21

At this point, a decision over convergence must be made by in-
voking the norm

7t = i |
k, k.t
tt < (22)
7 oee
If the convergencecriterion (22) is satisfied, we set
rli.ll = Fiaes rli.m —> Fi, 1t (23)

and proceed to the next time step. If the convergence criterion (22)
is not satisfied, we also utilize relations (23) and proceed to the pre-
dictor phase. This procedureis repeated until all time steps are com-
pleted. Note that the dynamic algorithmis an unconditionallystable
implicitscheme.>* The computationaladvancesof the natural-mode
finite element method are ensured.’

IV. Computational Experiments

Figure 1 shows an isotropic semicircular arc. All of the geo-
metrical and material properties are given in the caption of Fig. 1.
The arc can deform in three dimensions. It is subjected to its
critical temperature augmented by a slight sinusoidal temperature
using a frequency of 80 Hz. The radius-over-height of the arc
is equal to 50. Its critical temperature is equal to 7 =0.895°C.
The computation advanced to t =0.0175 s with a time step equal
to Af=1x 107 s and up to time to # =0.02575 s with a time
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stepequal to Az =1 x 1075 5. Note that a smaller time increment is
computationally expensive, whereas a bigger time increment may
fail to capture the structural behavior during this very fast dynamic
phenomenon and also may introduce convergence problems. Time-
displacement curves of the center point A are provided in Fig. 2.
At a time of approximately 0.017 s, the arc starts to deform in
large displacements. The curves reveal highly oscillatory move-
ments. Figure 3 shows the three displacement curves up to time
0.015 s. It is observed that the horizontal displacement of point A

¥
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beam element

T=T +0.05 Tcr sin wt

——1

Fig.1 Semicircular arc with E =90 GPa,R =0.125m,v =0.3,h=b =
0.00250 m, oy = 25 x 107%°C~!, w = 80 Hz, T, = 0.895°C, and p =
2700 kg/m®.
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(the u displacement) is extremely oscillatory. It is evident that the
structure oscillates in the horizontal direction. There is little move-
ment in the transverse y direction, while mild oscillatory behavior
is taking place in the z direction. Figure 4 presents the trajectory
of the motion of point A. Therein shown is the initial position and
the motion of the central point in the u—w plane. In a similar man-
ner, Fig. 5 shows the motion of central point A in the transverse
v—w plane. Figure 6 shows the forming attractor of the vertical
displacement and velocity of central point A. The attractor is evi-
dently chaotic. Figure 7 shows the three-dimensionalattractor of the
vertical displacement, velocity, and acceleration of point A, respec-
tively. Initially, the three-dimensional attractor is rather harmonic,
buteventuallychaoticpatternsdevelop.Figure 8 shows a fast Fourier
transform (FFT) of the velocity of point A. We observe from Fig. 8
that higher harmonic frequencies are present everywhere along the
frequency spectrum. It is well known that the continuous presence
of higher frequencies is indicative of chaos®~! Figure 9 shows
the Lyapunov exponent of the vertical central acceleration over an
evolution time. The largest Lyapunov exponent shows the overall
behavior of the system over an evolution time. The existence of a
largest positive Lyapunov exponent confirms the inherent existence
of chaos 8~1 In the present study, the largest Lyapunov exponentis
computedusing the algorithm presentedin Ref. 11. Figure 9 shows a
positive Lyapunov exponent, and therefore, substantiationof chaos
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Fig.2 Time-displacement curves for central point A up to ¢ = 0.02575s.
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Fig.3 Time-displacement curves for central point A up to f = 0.015s.
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Fig.4 Trajectory of central point A in u-w plane.
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Fig.5 Trajectory of central point A in v—-w plane.
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Fig. 6 Two-dimensional chaotic attractor of the vertical displacement of point A.
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Fig.7 Three-dimensional chaotic attractor of the vertical displacement of point A.
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Fig.8 FFT of the velocity of the central point A.
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Fig. 9 Lyapunov exponent of the acceleration of central point A.
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Fig. 10 Deformation of arc at £ = 0.02075s.
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Fig.11 Deformation of arc at f = 0.02570s.

is formally established. Figure 10 shows the deformation of the
arc at t =0.02075, and Fig. 11 shows the structural deformation at
t =0.0257 s. Figure 11 shows a possible catastrophic collapse of
the space arc.

V. Conclusions
A three-dimensionalisotropic space arc is dynamically thermally
stressed with a temperature equal to its critical temperature plus a
small sinusoidal time increment. From the onset of the vibration,

highly irregular oscillations occur. Following the initial vibration
period, chaotic oscillationsdevelop. Then, the arc structure vibrates
with very large displacementsin a chaotic manner. Two- and three-
dimensional attractors substantiate the existence of chaos. The FFT
and the value of the Lyapunovexponentformally prove the existence
of chaos. Computer plots (Figs. 10 and 11) illustrate the structural
deformation.
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